INTRODUCTION
There has been a growth of interest in the development of highly flexible unmanned aerial vehicle (UAV) aircraft. Perhaps the best known instance is the Helios aircraft that failed during a flight in 2003 due to a severe gust encounter. One of the causes of the accident found by the investigation that followed was the lack of appropriate analyses for highly flexible aerospace structures (1) leading to inappropriate decisions to fly at certain flight conditions. One characteristic of such aircraft is that the structural stiffness behaves in a non-linear manner due to geometric stiffening or softening, and consequently the conventional approach to aeroelastic analysis is not valid. The geometric non-linear effects of such large structures can also have a dramatic effect upon the flight dynamics; Palacios et al (2) reviewed the most important aspects of high aspect ratio aircraft affected by geometric structural nonlinearities,
ABSTRACT
A procedure for developing efficient aeroelastic reduced order models (ROMs) for aerospace structures containing geometric nonlinearities is described. The structural modelling is based upon a combined modal/FE approach that describes the non-linear stiffening effects from results of non-linear static analyses for a range of prescribed inputs. Once the structural ROM has been defined, it is coupled to the rational fraction approximation of the doublet lattice aerodynamic model corresponding to the wing planform. The aeroelastic model can then be used to predict the dynamic aeroelastic behaviour of the defined structure. The methodology is demonstrated on the aeroelastic model of a flexible high aspect ratio wing with the static deflections, LCO behaviour and gust response being predicted. 
NOMENCLATURE

SIMULATION MODEL
The Patil and Hodges wing model (4) (5) (6) was used to illustrate the methodology. Figure 1 shows the NASTRAN finite element representation of the structural and aerodynamic grids and the properties are shown in Table 1 . The wing was modelled as a simple flat plate using shell elements (PSHELL), and a fully clamped boundary condition was defined at the root of the wing. A mesh convergence study was made to determine the appropriate number of elements to be included in the model in order to give a reasonable accuracy to the overall solution.
Linear static and normal mode analyses were first performed to obtain the linear behaviour of the model, from which the mass and stiffness matrices in both physical and modal co-ordinates were determined. Figure 2 shows the spatial distribution of the first five mode shapes; note that there are three bending modes, a chordwise bending mode, and a torsion mode. Flutter analysis was carried out to predict the flutter speed at the given flight condition by using the well known P-K method (17) . A nonlinear static analysis was then performed, and Fig. 3 demonstrates clearly that the structure experiences a stiffness hardening effect, occurring as the tip of the wing is deflected above 2 . 5m. (10, 11) The underlying theme of this work is the application of the MFE for highly flexible aeroelastic systems. This section describes the generation of the nonlinear structural model using the approach.
MATHEMATICAL MODELS
Combined modal/finite element approach
including longitudinal stability, body-freedom flutter and gust response (and subsequent loads). They emphasised the need for computationally efficient reduced order time domain simulations to predict the coupled aeroelastic/flight dynamic interactions. The effect of geometric non-linearities is not solely confined to HALE (high altitude long endurance) aircraft, and the current generation of large commercial and military aircraft exhibit some of the above characteristics. Although there has been a great deal of research devoted to the effect of nonlinearities on aeroelastic behaviour, this has primarily been directed towards aerodynamic nonlinearities in the transonic flight regime, or discrete structural nonlinearities such as freeplay and hysteresis occurring on control surfaces. Most of the work (2) (3) (4) (5) (6) (7) (8) (9) directed at modelling the geometric stiffening characteristics for aeroelastic models of HALE type aircraft has employed equivalent non-linear beam models.
There have been a number of approaches developed to use commercial finite element software to enable the development of reduced order structural models. In particular the modal/FE (MFE) approach of McEwan et al (10) (11) performs a static analysis for a number of prescribed static loading cases. These displacements are then curve fitted using a regression analysis in order to define nonlinear stiffness terms that can be added to the conventional modal model. A similar approach is used in the ELSTEP methodology (12) (13) which applies prescribed displacements. Once the reduced order model is produced, it is then very efficient to run time domain simulations for a large number of design cases. The MFE approach has been used very successfully (10, 14) for the prediction of response of aircraft panels subjected to large acoustic excitations. A recent application of the ELSTEP approach has been to combine it (15, 16) to hypersonic aerodynamic models in order to produce efficient coupled non-linear aeroelastic models of membrane type structures.
In this paper, the MFE approach of McEwan et al (10, 11) is implemented to model the geometric nonlinearities of the Patil and Hodges HALE wing model (4) (5) (6) . The prescribed load cases and resultant displacements from the static nonlinear test cases are transformed into modal coordinates using the modal transformation of the underlying linear system. A regression analysis is then performed to curve-fit the sets of nonlinear stiffness force/displacement maps in order to find the unknown nonlinear modal stiffness coefficients. Having obtained the nonlinear modal model, a time domain aeroelastic analysis was performed by coupling the structural model with the rational function approximation (RFA) of doublet lattice aerodynamics using the Roger method. It is shown how this approach can predict the static deflection, gust response and limit cycle oscillation (LCO) behaviour of the nonlinear wing; however, it is also shown that care needs taken in choosing the modes that are considered in the analysis. Finally, the effect of varying different structural parameters on the nonlinear aeroelastic behaviour is investigated.
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THE AERONAUTICAL JOURNAL DECEMBER 2011 nonlinear stiffness function, F F is the N × 1 vector of applied nodal forces, α is the proportional mass damping coefficient, and r(t) is the N × 1 vector of spatial displacements. The transformation between the physical space and modal space is performed using the modal transformation
where p(t) is the NR × 1 vector of time-dependent generalised modal co-ordinates and φ(x) is the N × NR matrix of the underlying linear mode shapes. The number of degrees of freedom in the modal model (NR) can be reduced (NR<<N) depending on the frequency range or modes of interest. Substituting the modal transformation of equation (2) into Equation (1) and pre-multiplying by [φ] T yields
Here, a set of coupled physical systems are modified into a set of uncoupled single DOF modal systems by using the orthogonality of the modes. Therefore, the equations of motion in modal co-ordinates become
. . (4) where matrix A and E L are now diagonal matrices of size NR × NR. However, it should be noted that the nonlinear modal stiffness matrix {E NL (p)} which is a NR × 1 vector, may contain crosscoupling terms and is a function of modal co-ordinate, p(t).
Nonlinear structure modal model
The equations of motion of dynamic system in physical space including stiffness nonlinearity can be represented as
where A A is the N × N assembled mass matrix, E E L is the N × N assembled linear stiffness matrix, E E NL (r) is the N × 1 vector of is NT × NA design matrix and {A r } is NA × 1 vector containing the unknown values of nonlinear stiffness coefficients where both of these matrices were developed based on Equation (10) . The singular value decomposition (SVD) technique was used to solve for the nonlinear stiffness coefficient {x r }. The backward elimination approach was used to remove those nonlinear polynomial terms that gave less significance to the overall solution (10, 11) .
Verification
The accuracy of the estimated nonlinear reduced order modal model (NLROMM) was validated by first defining the modal force case, and the NLROMM solved using a Newton-Raphson approach in order to compute the modal displacements of the solution. The modal displacements were then transformed into physical space and comparisons made with a corresponding finite element nonlinear static analysis. Once close agreement between the NLROMM and finite element analysis (FEA) was achieved on a series of test cases, the NLROMM was considered suitable to be used for the aeroelastic analysis (18) .
Dynamic aeroelastic model
The general form of the aeroelastic analysis was developed by coupling the aerodynamic panels and the FE representations of the considered model (19) . When applied to dynamic systems, the dynamic behaviour of FE model relates the displacement and acceleration vectors to the force vector via the overall stiffness and mass matrices such that
This equation will be coupled with the aerodynamic model of lift L and pitching moment M to form the dynamic aeroelastic equations as
Inclusion of frequency dependent aerodynamics
An aerodynamic model derived from the doublet lattice method (DLM) was considered throughout this work in order to predict accurately the dependency of aerodynamic forces and moments on the frequency content of dynamic motions (19) . From Equation (14), the full aeroelastic equation with frequency dependent aerodynamics may be written as where the AIC matrices are a function of the reduced frequency
Nonlinear static test cases
The implementation of the combined modal/finite element (FE) approach is based on nodal deflections obtained from a number of prescribed static non-linear load cases. Thus, when a static system is considered, the equations of motion which are given by Equation (4) reduce to
. . . (5) and by rearranging the above equation, the nonlinear stiffness restoring forces can be written as
A set of finite element nonlinear static test cases have to be defined by prescribing a set of applied loads in the finite element nodal space. The nonlinear modal stiffness coefficients are identified by performing regression analysis on sets of information obtained from several nonlinear static test cases which have been transformed into the modal co-ordinates. In this work, the load cases are defined based upon the single mode profile which was generated using the equation
where a r are the scalar weighting factors. These weighting factors determine the contribution of each mode used for the various mode profiles. A grid density g is used to define intermediate test loads in order to have a wide range of sampling space. Care has to be taken when defining these parameters so that the selected test cases are able to cover all the possible behaviour within the desired deflection ranges.
For the analysis based upon the undeformed straight wing, the chordwise bending mode can be safely neglected as it has no impact on the calculation of aerodynamic loads that couple with the structural modes. This assumption only holds true for the case of pure edgewise bending. Due to the unknown characteristics of the stiffness nonlinearities, it has to be assumed that the nonlinear crosscouplings between the bending modes have significant effect on overall static and dynamic responses.
The transformation of nodal displacement into modal space is calculated from the solution of φp = r . . . (8) while the applied modal force vector is obtained as
Regression analysis
An ordinary polynomial approach has been used to curve fit the nonlinear force/displacement relationship. Simultaneous coupling of up to two modes was considered as other studies made by the authors have found that the simultaneous couplings of more than two modes of this structure are very weak and can be safely neglected. The polynomial expression of the nonlinear restoring forces was derived as the following series of up to third order for some mode r . . . (12) . . . (15) . . . 
A A A A E E or in a shorthand notation
The augmented states which arise from the convolution integral of the inverse Laplace transform of the Q(s) matrix are defined by but these are not explicitly calculated. Equations (24) and (25) can now be combined together to form the state space equations. These can be formulated by transforming these expressions to a first order differential equation with the states and the state space matrix defined as where the state matrix A s is:
and the geometric nonlinear force vector is expressed as The state space formulation can now be solved using the time domain integration to calculate the response for any given input force such as initial deflection, initial velocity or gust.
RESULTS BASED ON THE LINEAR UNDEFLECTED MODEL
Using the approach described above, with the nonlinear terms derived from application of the undeflected mode shapes, the effect of varying the flexural rigidity EI and torsional rigidity GJ was considered. Figure 4 shows the sensitivity of the linear natural frequencies with respect to EI and GJ parameters and Table 2 summarises the linear flutter-divergence results. Whereas variations in EI affect the bending frequencies, this has little effect upon divergence and flutter speeds, however, varying GJ affects the torsional frequency, and both the divergence and flutter speeds are very sensitive in GJ.
Consider now the effect of varying EI and GJ on the nonlinear aeroelastic model. Of particular interest is to simulate the steady state response following some initial disturbance, in order to examine the stability. Above the linear flutter speed, limit cycle oscillations (LCOs) form (19) and the amplitude grows as the speed increases beyond the critical flutter speed. Figure 5 shows how the LCO amplitudes (tip deflection and twist) are affected by EI and GJ; the LCO amplitude reduces with increasing EI however the onset of and the subscripts refer to the real and imaginary parts. The modal aeroelastic equations of motion with the inclusion of geometric nonlinearities can then be expressed as where Q aero are the generalised aerodynamic force.
The AICs were extracted from the MSC NASTRAN aeroelastic analysis using the direct matrix abstraction program (DMAP) over a range of reduced frequencies for given flight conditions. The Roger procedure (20) was then used to determine the rational fraction approximation (RFA) of the AIC matrices and then a state-space time domain model may be formed. With this approach, the use of convolution time domain integrals can be avoided. This mathematical representation can be solved using time domain integration and now inclusion of nonlinear terms is feasible.
The above equation can be transformed and written in the Laplace domain as and the RFA of the generalised aerodynamic matrices Q(s) are written in the form Here, A n is a NR × NR unknown matrix to be found and β n are the aerodynamic lag parameters which can be calculated as (20) where k max is the maximum reduced frequency at which the AIC matrices were obtained and N L is the number of lag parameters. Recalling the definition of the reduced frequency, and since the Laplace variable s = iω, the RFA of Equation (19) can be written in terms of reduced frequency as
The unknown A n coefficients can be estimated using least squares to compare the sum of squares errors between the RFA and AIC matrix (19, 20) . 
. . . (18) . . . (19) . . . (20) . . . (21) . . . 
INFLUENCE OF DEFORMED STRUCTURE ON THE AEROELASTIC BEHAVIOUR
As the wing is very flexible, it undergoes very high deflections leading to a strong nonlinear coupling between the bending and torsion modes, including the edgewise bending mode (previously ignored) (5) . The structural and aeroelastic characteristics of the wing have to be investigated by linearising the problem about the nonlinear statically deformed shape. In this work, the deformed state was obtained by applying the uniform static forces along the wing with the vector of the forces in the direction of flapwise bending. This results in a much simpler relationship between the deformation and aeroelastic instabilities rather than obtaining the deformed state LCO is not affected. Conversely, the amplitude does increase with torsional stiffness, but this is more of a function of the LCO onset speed increasing, causing greater aerodynamics forces to act upon the bending motions.
Gust response analysis (21) was performed for three different '1 -Cosine' gust wavelengths. Figure 6 shows a response comparison for the linear and geometric nonlinear structure at a speed below than the linear flutter speed. For the geometric nonlinear case, the maximum tip response is much less than the linear case and this difference becomes more significant as the gust length increases. Figure 7 shows the same analysis but this time above the linear flutter speed. In all cases the same final LCO amplitude is achieved, which is primarily a torsional effect. The change in the bending deflection is due to the increasing maximum gust amplitude at greater gust lengths (19) . Figure 9 illustrates the first five mode shapes of the deformed structure at some static deflection. It is shown clearly that the nonlinear normal modes of the curved wing now include a coupling between the torsion and edgewise bending modes. Therefore all of the five modes are of relevance for the aeroelastic computation and were included in the following computations. Figure 10 shows the relationship between the structural via a trim angle-of-attack (5, 6) . The nonlinear eigensolution of the structural analysis were obtained using MSC NASTRAN nonlinear modal analysis which is computed based upon the updated stiffness about a nonlinear statically deformed state. The deformed coordinates and the structural eigensolution are then assigned to the ZAERO package for the aeroelastic calculation. A basic flowchart of the analysis is shown in Fig. 8 frequencies and the tip deflections. The edgewise-torsion frequency decreases with higher tip deflection, whereas the torsion-edgewise frequency increases to some constant value. The flapwise bending frequencies are unaffected. Figure 11 presents the effect of the tip deflection on aeroelastic instabilities. The flutter speed is shown to be very sensitive to the static wing deformation. From the investigation of the measured eigensolution of aeroelastic system of the deformed wing, flutter occurs mainly due to the interaction between the edgewise-torsion mode and the flapwise modes. At a larger scale of wing tip deflection, the edgewise-torsion frequency continues to decrease and this leads to a reduction in the flutter speed. Therefore the flutter characteristics of the deformed wing are shown to be very different, the critical speed lowers with deflection, than that for an undeflected straight wing; thus, the effect of geometric nonlinearities cannot be neglected. These results, obtained in a different manner, show the same characteristics as Ref (5) .
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The responses of the deformed wing to '1 -Cosine' gust loads at various gust lengths and airspeeds, above and below the flutter speed, are presented in Figs 12 and 13 . Exactly the same characteristics are found as with the modelling based upon the undeflected modes, notably that the geometric stiffening reduces the tip deflections, but there are significant differences in the response magnitudes, due to the effect of the structural coupling and also that as the flutter speed lowers with deflection, then the speed at which LCO commence also lowers.
DISCUSSION AND CONCLUSIONS
A combined modal/FE method has been coupled with the doublet lattice unsteady aerodynamics to produce a reduced order model for the prediction of static aeroelastic deflection, gust response and limit cycle oscillation behaviour. The approach has been demonstrated upon a flexible high aspect ratio wing with varying structural properties and the results are encouraging. The inclusion of a nonlinear geometric stiffening behaviour is beneficial in resisting gust response compared to the linear case. The static and dynamic aeroelastic predictions have similar characteristics to those found by other researchers, but as there is no stall model included in the aerodynamics, it is not possible to make a direct comparison.
Although the approach has only been applied to a simplistic wing, the methodology is directly applicable to real wings as long as the dynamic behaviour can be broken down into a simple modal description (i.e. bending/torsion/edgewise bending) including coupling of these modes. The extension of the methodology to the free-free case will not be straightforward, but the way forward can be seen. The addition of the above nonlinear wing modelling approach to a free-free aircraft model is not so difficult, resulting in a combination of rigid body and flexible modes. However, one aspect not yet considered is the nonlinear inertia behaviour, and this will need to be considered in future models, including nonlinear inertia terms.
Research is continuing to develop the theoretical approach to include the nonlinear inertia terms, stall model aerodynamics and to also apply it to free-free aircraft models. An experimental evaluation of the approach is also planned in the near future.
